In this paper, we study the global F -splitting of varieties admitting an int-amplified endomoprhism. We prove that surfaces admitting an int-amplified endomorphism are of dense globally F -split type and, in particular, of Calabi-Yau type.
Introduction
Let X be a normal projective variety over an algebraically closed field k of characteristic zero. We say that an endomorphism f : X Ñ X over k is polarized if there exist an ample Cartier divisor H on X and a positive integer q such that f˚H is linearly equivalent to qH. Broustet and Gongyo proposed the following conjecture.
Conjecture 1.1 ([BY17, Conjecture 1.2]). If X admits a non-trivial polarized endomorphism, then X is of Calabi-Yau type, that is, there exists an effective Q-Weil divisor ∆ on X such that K X`∆ is Qlinearly trivial and pX, ∆q is log canonical.
They proved that this conjecture holds in the surface case, using an equivarinat minimal model program (MMP, for short) developed by Meng and Zhang in [MZ1] . In this paper, we discuss a generalization of their result.
An endomorphism f : X Ñ X over k is called int-amplified if there exists an ample Cartier divisor H on X such that f˚H´H is ample. In particular, every non-invertible polarized ednomorphism is intamplified. Meng proved in [Men17] that if X admits an int-amplified endomorphism, then every MMP for X is f n -equivariant for some positive integer n (see § 3 for the details). Hence, as a natural generalization of Conjecture 1.1, we propose the following conjecture for the case where X admits an int-amplified endomorphism.
Conjecture 1.2. If X has an int-amplified endomorphism, then X is of Calabi-Yau type.
In order to attack Conjecture 1.2, we use reduction to positive characteristic and global F -splitting. Global F -splitting is a global property of a projective variety over a perfect field of positive characteristic defined by the splitting of the absolute Frobenius morphism. Via reduction to positive characteristic, global F -splitting makes sense in characteristic zero as well: X is said to be of dense globally F -split type if its modulo p reduction is globally F -split for infinitely many primes p. Schwede and Smith asked in [SS10, Question 7.1] whether varieties of dense globally F -split type are of Calabi-Yau type or not. Thus the following conjecture, together with an affirmative answer to the question of Schwede and Smith, implies Conjecture 1.2. Conjecture 1.3. If X admits an int-amplified endomorphism, then X is of dense globally F -split type.
In this paper, we prove that Conjecture 1.3 holds in the surface case. Since Gongyo and Takagi gave in [GS16] an affirmative answer to the question of Schwede and Smith in the surface case, as a corollary of Conjecture 1.3, we also obtain Conjecture 1.2 in the surface case.
Theorem 1.4 (Theorem 5.3). Let X be a normal surface over an algebraically closed field of characteristic zero admitting an int-amplified endomorphism. Then X is of dense globally F -split type, in particular, X is of Calabi-Yau type.
We remark that Theorem 1.4 gives an alternative proof of the result of Broustet and Gongyo. We briefly explain how to prove Theorem 1.4. The case where K X is Q-linearly trivial is easily follows from Cascini, Meng and Zhang's result in [CMZ17] . If K X is not Q-linearly trivial, every equivariant MMP ends up with a Mori fiber space (cf. [MZ1] , [MZ2] , [Men17] ). In this case, using the following theorem, we may assume that π : X Ñ Y is a Mori fiber space over a variety admitting an int-amplified endomorphism.
Theorem 1.5 (Theorem 4.1). Consider the following commutative diagram
where Z, Z 1 are normal projective varieties, µ is a biratinal morphism or a small birational map, h and h 1 are int-amplified endomorphisms. Then Z is of dense globally F -split type if and only if so is Z 1 If X is a surface and the support of the ramification divisor on X contains a vertical component of π, then X is of globally F -split type (cf. Lemma 5.2). In general, the ramification divisor of X may not contain any vertical component of π even if Y is a projective line (see [MS19, Section 7] ), and this is the main difficulty of the proof of Theorem 1.4. We overcome this difficulty by using the following covering theorem.
Theorem 1.6 (Theorem 4.14). Consider the following commutative diagram
where X, Y are klt Q-factorial normal projective varieties, π is a Mori fiber space and f is an int-amplified endomorphism. Assume that the ramification divisor of X does not contain any vertical component of π. Then we have the equivariant commutative diagram
where A is an abelian variety, µ Y is a finite surjective morphism, r X is a normal projective variety, µ X is a finite surjectiveétale in codimension one morphism, and r π is an algebraic fiber space. Moreover, r X is the normalization of the main component of XˆY A.
Suppose the ramification divisor of X does not contain any vertical component of π, and apply Theorem 1.6 to this X. Then X is of dense globally F -split type if and only if r X is of dense globally F -split type (cf. Proposition 2.9). Since r X is a fiber space over an abelian variety, it is not so difficult to show that r X is of dense globally F -split type. In conclusion, we have Theorem 1.4.
As another corollary of Theorem 1.6, we obtain the following theorem.
Theorem 1.7 (Theorem 5.4). Let X be a klt normal projective surface admitting an int-amplified endomorphism. Then X is of Fano type if and only if theétale fundamental group of the smooth locus of X is finite.
The organization of this paper is as follows. § 2 is a preliminary section. We summarize the statements of equivariant MMPs in § 3. In § 4, we develope the general theory of global F -splitting of varieties appearing in an equivarinant MMP, and prove Theorem 1.5 and Theorem 1.6. In § 5, we give the proof of 1.4. § 5 is an only section we assume that X is a surface.
Notation and Terminology.
‚ A variety over a filed k is a geometrically integral separated scheme of finite type over k. A k-scheme X is essentially of finite type over k if X is a localization of some scheme of finite type over k. A Q-Cartier divisor (resp. R-Cartier divisor) on a variety X is an element of pCDivXqb Z Q (resp. pCDivXqb Z R), where CDivX is the group of Cartier divisors on X. When X is normal, these groups are embedded in DivpXqb Z Q (resp. DivpXqb Z R) where DivpXq is the group of Weil divisors on X. An element of DivpXqb Z Q (resp. DivpXqb Z R) is called Q-Weil divisor (resp. R-Weil divisor). Linear equivalence and Q-linear equivalence are denoted by " and " Q , respectively. For Q-Weil divisors D and E, D " E means D´E is a principal divisor. ‚ Let X be a projective variety over an algebraically closed field.
-N 1 pXq is the group of Cartier divisors modulo numerical equivalence (a Cartier divisor D is numerically equivalent to zero, which is denoted by D " 0, if pD¨Cq " 0 for all irreducible curves C on X). -N 1 pXq is the group of 1-cycles modulo numerical equivalence (a 1-cycle α is numerically zero if pD¨αq " 0 for all Cartier divisors D). By definition, N 1 pXq and N 1 pXq are dual to each other. ‚ A morphism f : X Ñ X from a projective variety X to itself is called self-morphism of X or endomorphism on X. If it is surjective, then it is a finite morphism. ‚ A morphism f : X Ñ Y between varieties is called an algebraic fiber space if f is proper and f˚O X " O Y . ‚ A morphism f : X Ñ Y between varieties is called quasi-étale if f isétale at every codimension one point of X. ‚ Let f : X Ñ Y be a finite separable surjective morphism between normal varieties. The ramification divisor of f is denoted by R f . ‚ The Picard number of a projective variety X is denoted by ρpXq. ‚ The function field of a variety X is denoted by KpXq. ‚ Let f : X Ñ X be an endomorphism of a variety X. A subset S Ă X is called totally invariant under f if f´1pSq " S as sets. ‚ Consider the commutative diagram
where f, g are surjective morphisms and π is a dominant rational map. We write this diagram as
We say a commutative diagram is equivariant if each object is equipped with an endomorphism and the morphisms are equivariant with respect to these endomorphisms. ‚ Let X be a normal projective variety. A K X -negative extremal ray contraction π : X Ñ Y is called of fiber type or a Mori fiber space if dim Y ă dim X. . Let X be a normal variety over a field k of arbitary characteristic and ∆ be an effective Q-Weil divisor on X such that K X`∆ is Q-Cartier. π : Y Ñ X be a birational morphism from a normal variety Y . Then we can write
where E runs through all prime divisors on Y . We say that the pair pX, ∆q is log canonical or lc, for short (resp., Kawamata log terminal or klt, for short) if apE, X, ∆q ě 0 (resp., apE, X, ∆q ą 0) for every prime divisor E over X. If ∆ " 0, we simply say that X is log canonical (resp., klt).
Definition 2.2 (cf. [PS09, Lemma-Definition 2.6]). Let X be a normal projective variety over a field and ∆ be an effective Q-Weil divisor on X such that K X`∆ is Q-Cartier.
(1) We say that pX, ∆q is log Fano if´pK X`∆ q is ample Q-Cartier and pX, ∆q is klt. We say that X is of Fano type if there exists an effective Q-Weil divisor ∆ on X such that pX, ∆q is log Fano.
(2) We say that pX, ∆q is log Calabi-Yau if K X`∆ " Q 0 and pX, ∆q is log canonical. We say that X is of Calabi-Yau type if there exists an effective Q-Weil divisor ∆ on X such that pX, ∆q is log Calabi-Yau type.
The reader is referred to [PS09, Lemma-Definition 2.6] for more details.
2.2.
Globally F -regular and F -split varieties. In this subsection, we review the definition and basic properties of globally F -regularity and globally F -splitting.
A field k of prime characteristic p is called F -finite if rk : k p s ă 8.
Definition 2.3 ([SS10, Definition 3.1]). Let X be a normal projective variety defined over an F -finite field of characteristic p ą 0.
(1) We say that X is globally F -split if the Frobenius map
splits as an O X -module homomorphism.
(2) We say that X is globally F -regular if for every effective Weil divisor D on X, there exists e P Z ą0 such that the composition map
Now we briefly explain how to reduce things from characteristic zero to characteristic p ą 0. The reader is referred to [HW99, Chapter 2] and [MS91, Section 3.2] for further details.
Let X be a normal variety over a field k of characteristic zero and D " ř i d i D i be a Q-Weil divisor on X. Choosing a suitable finitely generated Z-subalgebra A of k, we can construct a scheme X A of finite type over A and closed subschemes D i,A Ĺ X A such that there exists isomorphisms
Note that we can enlarge A by localizing at a single nonzero element and replacing X A and D i,A with the corresponding open subschemes. Thus, applying the generic freeness [HW99, (2.1.4)], we may assume that X A and D i,A are flat over Spec A. Enlarging A if necessary, we may also assume that X A is normal and D i,A is a prime divisor on X A . Letting D A :" ř i d i D i,A , we refer to pX A , D A q as a model of pX, Dq over A. Given a closed point µ P Spec A, we denote by X µ (resp., D i,µ ) the fiber of X A (resp., D i,A ) over µ. Then X µ is a scheme of finite type over the residue field κpµq of µ, which is a finite field. Enlarging A if necessary, we may assume that X µ is a normal variety over κpµq, D i,µ is a prime divisor on X µ and consequently D µ :"
Given a morphism f : X Ñ Y of varieties over k and a model pX A , Y A q of pX, Y q over A, after possibly enlarging A, we may assume that f is induced by a morphism f A : X A Ñ Y A of schemes of finite type over A. Given a closed point µ P Spec A, we obtain a corresponding morphism f µ : X µ Ñ Y µ of schemes of finite type over κpµq. If f is projective (resp. finite), after possibly enlarging A, we may assume that f µ is projective (resp. finite) for all closed points µ P Spec A.
We denote by Xμ the base change of X µ to the algebraic closure κpµq of κpµq. Similarly for Dμ and fμ : Xμ Ñ Yμ. Note that pX µ , D µ q is globally F -regular (resp. globally F -split) if and only if so is pXμ, Dμq.
Definition 2.4. Let the notation be as above. Suppose that X is a normal projective variety over a field of characteristic zero.
(1) X is said to be of dense globally F -split type if for a model of X over a finitely generated Z-subalgebra A of k, there exists a dense subset of closed points W Ď Spec A such that X µ is globally F -split for all µ P W .
(2) X is said to be of globally F -regular type if for a model of X over a finitely generated Z-subalgebra A of k, there exists a dense open subset of closed points W Ď Spec A such that X µ is globally F -regular for all µ P W . This definition is independent of the choice of a model.
The following two theorems are very important in this paper.
Theorem 2.5 ([SS10, Theorem 5.1]). Let X be a normal projective variety defined over a field of characteristic zero. If X is of Fano type, then X is of globally F -regular type.
Theorem 2.6 ([GS16, Theorem 1.1]). Let S be a normal projective surface over an algebraically closed field of characteristic zero. If S is of dense globally F -split type presp., globally F -regular typeq, then it is of Calabi-Yau type presp., Fano typeq 2.3. canonical modules and duality. Now we briefly explain canonical modules and duality. The reader is referred to [Kun86] , [MR85] , [Fed83] , [MS91] , [HW02] , [ST14] for further details. Let f : Y Ñ X be a finite surjective morphism of normal integral schemes essentially of finite type over an F -finite field of characteristic p ą 0. In this case, X and Y have canonical modules ω X and ω Y , respectively (cf. [Har63] ), satisfying
We call K X and K Y canonical divisors on X and Y , respectively, and they are uniquely determined up to linear equivalence. By the above duality, we obtain
In particular, if ψ : f˚O Y Ñ O X is an O X -module homomorphism, then there exists a non-zero rational section α P KpY q such that
and regarding this as a global section of O Y pK Y´f˚KX q, this is corresponding to ψ by the above isomorphism. We say that ψ is corresponding to D ψ . Furtheremore, the above isomorphism induces
Note that this depends on the choice of the canonical divisors K X and K Y . In particular, if ψ : f˚KpY q Ñ KpXq is an O X -module homomorphism, then we can consider the corresponding divisor
Now, we obtain the following basic result.
Proposition 2.7. Let f : Y Ñ X be a finite surjective morphism of normal integral schemes essentially of finite type over an F -finite field of characteristic p ą 0. We fix canonical divisors K X and K Y on X and Y , respectively. Then O X Ñ f˚O Y splits as an O X -module homomorphism if and only if there exists an O X -module homomorphism ψ : f˚KpY q Ñ KpXq such that ψp1q " 1 and ψ is corresponding to an effective divisor.
Example 2.8. If f is a separable morphism, then the ramification divisor R f can be defined and R f is linearly equivalent to K Y´f˚KX . Furthermore, we obtain the following isomorphism
and the trace map Tr is corresponding to R f . By using this isomorphism, for any ψ : f˚KpY q Ñ KpXq, there exists a non-zero rational section α P KpY q such that ψ " Trpα¨q, where Trpα¨q sends
The following is a basic property of the global F -spliting.
Proposition 2.9. Let ρ : Y Ñ X be a quasi-étale finite surjective morphism of normal varieties over a field of characteristic zero. Then X is of globally F -regular type or dense globally F -split type if and only if so is Y .
Proof. We take models ρ A : Y A Ñ X A over a finitely generated Zalgebra A as in § 2.2 such that ρ µ is quasi-étale finite surjective and degpρ µ q is coprime to charpκpµqq for every µ P Spec A. We fix µ P Spec A, and it is enough to show that X µ is globally F -regular or globally F -split if and only if so is Y µ .
Since degpρ µ q is coprime to charpκpµqq, O Xµ Ñ pρ µ q˚O Yµ splits by the trace map. Hence, if Y is globally F -split or globally F -regular, then so is X.
Let D be a effective Weil divisor on Y and we assume that
splits for some positive integer e. Note that if D " 0 , it means that X is globally F -split. We take a rational section α P KpXq such that p1´p e qK Xµ`d iv X pαq´pρ µ q˚D ě 0 is corresponding to a splitting of the above homomorphism. Since
and this is corresponding to a splitting of
Equivariant MMP
In this section, all varieties are defined over an algebraically closed field k of characteristic 0.
Meng and Zhang established minimal model program equivariant with respect to endomorphisms in [MZ2] , for varieties admitting an int-amplified endomorphism. We summarize their results that we need later.
Definition 3.1. A surjective endomorphism f : X Ñ X over k of normal projective variety X is called int-amplified if there exists an ample Cartier divisor H on X such that f˚H´H is ample.
We collect basic properties of int-amplified endomorphisms in the following lemma. (1) Let X be a normal projective variety, f : X Ñ X a surjective morphism, and n ą 0 a positive integer. Then, f is intamplified if and only if so is f n . (2) Let π : X Ñ Y be a surjective morphism between normal projective varieties. Let f : X Ñ X, g : Y Ñ Y be surjective endomorphisms such that π˝f " g˝π. If f is int-amplified, then so is g.
(3) Let π : X Y be a dominant rational map between normal projective varieties of same dimension. Let f :
variety X admits an int-amplified endomorphism, then the anticanonical divisor´K X is numerically equivalent to an effective Q-Cartier divisor.
Proof. See [Men17, Lemma 3.3, 3,5, 3.6, Theorem 1.5].
Theorem 3.3 (Meng-Zhang). Let X be a Q-factorial normal projective variety admitting an int-amplified endomorphism. Let ∆ be an effective Q-Weil divisor on X such that pX, ∆q is klt.
(1) There are only finitely many pK X`∆ q-negative extremal rays of NEpXq. Moreover, let f : X Ñ X be a surjective endomorphism of X. Then every pK X`∆ q-negative extremal ray is fixed by the linear map pf n q˚for some n ą 0.
(2) Let f : X Ñ X be a surjective endomorphism of X. Let R be a pK X`∆ q-negative extremal ray and π : X Ñ Y its contraction.
π is a flipping contraction and X`is the flip, the induced rational self-map h : X` X`is a morphism. (3) In particular, for any finite sequence of pK X`∆ q-MMP and for any surjective endomorphism f : X Ñ X, there exists a positive integer n ą 0 such that the sequence of MMP is equivariant under f n . Theorem 3.4 (Equivariant MMP (Meng-Zhang)). Let X be a Qfactorial klt projective variety admitting an int-amplified endomorphism. Then for any surjective endomorphism f : X Ñ X, there exists a positive integer n ą 0 and a sequence of rational maps
(1) X i X i`1 is either a divisorial contraction, flip, or Mori fiber space of a K X i -negative extremal ray;
(2) there exist surjective endomorphisms g i : X i Ñ X i for i " 0, . . . , r such that g 0 " f n and the following diagram commutes:
(3) X r is a Q-abelian variety (that is, there exists a quasi-étale finite surjective morphism A Ñ X r from an abelian variety A, note that X r might be a point). In this case, there exists a quasi-étale finite surjective morphism A Ñ X r from an abelian variety A and an surjective endomorphism h :
Proof. This is a part of [MZ2, Theorem 1.2]. In this section, we study the relationship between global F -splitting of varieties appearing in a minimal model program.
4.1. Birational case and Fano case. First, we consider the birational case. In this case, we obtain the following result.
Theorem 4.1 (Theorem 1.5). Consider the following commutative diagram
where X, Y are normal projective varieties defined over an algebraically closed field k of characteristic 0, π is a birational morphism or a small birational map, f and g are int-amplified endomorphisms. Then X is of dense globally F -split type or of globally F -regular if and only if so is Y
Proof. First note that the only if part holds without the existence of intamplified endomorphisms by [GOST15, Lemma 2.14]. Thus we assume π is a birational morphism. We may assume that X, Y , f , g and π are defined over algebraically closed field of characteristic p ą 0 and Y is globally F -split and degpgq is coprime to p. It is enough to show that X is globally F -split to prove the first assertion. We fix canonical divisors K X and K Y on X and Y , respectively with π˚K 
3). Note that ψ induces the homomorphism F˚KpY q Ñ KpY q with ψp1q " 1. Since KpY q " KpXq, ψ is also corresponding to
Since π is a birational morphism, there exists an effective exceptional divisor E on X such that p1´pqK X`d iv X pαq ě´E. 
It implies that Tr˝f˚ψ defines the homomorphism F˚f˚O X Ñ O X . Since Tr˝f˚ψp1q " degpf q is unit of O X , X is globally F -split. Next, we assume that Y is globally F -regular. Let D be an effective Weil divisor on X. There exist a non-zero rational function α P KpY q and a positive integer e such that p1´p e qK Y`d iv Y pαq´π˚D ě 0 and corresponding homomorphism ψ 1 gives a splitting of
Since π is a birational morphism, there exists a positive integer e 1 such that p1´p e qK X`d iv X pαq´D`p e`e 1 R f ě 0 by the same argument as above. Since X is globally F -split, we can find a homomorphism ψ 2 giving a splitting O X Ñ F e 1 O X and corresponding to p1´p e 1 qK X`d iv X pβq ě 0 for some non-zero rational function β P KpXq. Hence Tr˝f˚ψ 2˝f˚F e 1 ψ 1 is corresponding to p1´p e qK X`d iv X pαq´D`p e pp1´p e 1 qK X`d iv X pβqq`p e`e 1 R f ě 0.
Thus this homomorphism defines a homomorphism F e`e 1 f˚O X Ñ O X , and we obtain that X is globally F -regular.
Corollary 4.2. Let X be a normal klt Q-factorial projective variety defined over an algebraically closed field k of characteristic 0 and X admits an int-amplified endomorphism. Assume that some MMP of X ends up with a point. Then X is of globally F -regular type.
Proof. We consider a MMP of X X " X 1 X 2 ¨¨¨ X r such that X r Ñ Specpkq is a Mori fiber space. In particular, X r is of Fano type. By Theorem 2.5, X r is of globally F -regular type. Since X has an int-amplified endomorphism f , above MMP is f n -equivariant MMP for some n P Z ą0 by Theorem 3.3. By Theorem 4.1, X is also of globally F -regular type.
Let S be a normal surface defined over a field of characteristic zero admitting an int-amplified endomorphism. If some MMP for S ends up with a point, to prove the global F -splitting of S, we may assume that K S is ample by Theorem 4.1. If S is klt, then S is globally F -regular type by Corollary 4.2. If S is log canonical, S is of Calabi-Yau type, but global F -splitting is not clear.
In order to prove global F -splitting of S, we discuss the local case.
Definition 4.3.
(1) Let X be an integral scheme essentially of finite type over an F -finite field of positive characteristic. We say that X is F -pure if F : O X,x Ñ F˚O X,x splits as O X,x -module homomorphism for every point x P X.
(2) Let X be a normal integral scheme essentially of finite type over a field of characteristic zero. We say that X is of dense F -pure type if taking a model X A over a finitely generated Z-algebra A as in § 2.2, there exists a dense subset S of the closed points of Spec A such that X s is F -pure for every s P S.
Lemma 4.4. Let pR, mq be a Noetherian local normal ring essentially of finite type over an F -finite field of characteristic p ą 0 and φ : R Ñ R a injective finite local homomorphism such that p is coprime to degpφq. Assume that Spec Rztmu is F -pure and there exists a nonzero effective Cartier divisor D on Spec R such that D ď R φ . Then R is F -pure.
Proof. We consider the evaluation map Hom R pF˚R, Rq Ñ R. Note that this map is surjective if and only if R is F -pure. Since SpecpRqztmu is F -pure, this evaluation map is surjective at any point of the punctured spectrum. Thus there exists a positive integer r such that the image of the evaluation map contains m r . By the assumption, there exists an element α 1 P m such that divpα 1 q ď R φ . Let α " φ r´1 pα 1 q`¨¨¨φ pα 1 q`α 1 . Then we have divpαq " pφ r´1 q˚pα 1 q`¨¨¨`divpα 1 q ď R φ r and α P m r . We replace φ by φ r . Since α is contained in the image of the evaluation map, there exists a homomorphism ψ : F˚R Ñ R such that ψp1q " α. Next we consider the homomorphism Next, we prove the following global assertion by reducing to Lemma 4.4.
Proposition 4.5. Let X be a normal projective variety defined over an algebraically closed field k of characteristic 0 with the Picard rank one and X admits a non-invertible endomorphism. Assume that´K X is ample Q-Cartier divisor and X has at worst rational singularities. Furthermore assume that X is of dense F -pure type. Then X is of dense globally F -split type.
Proof. Let f be a non-invertible endomorphism of X. Note that f is a polarized endomorphism because the Picard rank of X is equal to one. There exist an ample divisor H 1 on X and a positive integer q such that f˚H 1 " qH 1 . Since X is of dense F -pure type and Q-Gorenstein, X is log canonical. By Kodaira type vanishing theorem [Fuj08, Corollary 2.42], H 1 pX, O X q " 0. Let π : Y Ñ X be a log resolution of X. Since X has at worst rational singularities, we have
It implies that PicpY q is finitely generated. Let U be the maximal open subset of X such that π| π´1pU q is isomorphism. Thus, we have CH 1 pXq » CH 1 pUq և CH 1 pY q » PicpY q, in particular, CH 1 pXq is finitely generated. Since R f is Q-Cartier, tR f n | n P Z ą0 u is a finite set in DivpXq{CDivpXq. It implies that there exist positive integers m ą n ą 0 such that R f m´R f n " pf m´1 q˚R f`¨¨¨p f n q˚R f is an effective ample Cartier divisor. Replacing f be some iterate, we may assume that there exists an effective Cartier divisor A on X such that R f ě A. We define A n " pf n´1 q˚A`¨¨¨f˚A`A. Since CH 1 pXq is finitely generated and f˚A n´q A n is Q-linearly trivial, we have tf˚A n´q A n | n P Z ą0 u is a finite set. Thus, there exist positive integers m ą n such that f˚A m´q A m´p f˚A n´q A n q " f˚A 1´q A 1 is a principal divisor, where A 1 " pf m´1 q˚A`¨¨¨`pf n q˚A. Since A ď R f , we have A 1 " pf m´1 q˚A`¨¨¨`pf n q˚A ď pf m´1 q˚R f`¨¨¨`f˚Rf`Rf " R f m and f˚A 1 " qA 1 . Hence replacing f by some iterate, we may assume that there exists an effective ample Cartier divisor H on X such that R f ě H and f˚H " qH. Therefore f induces the graded endomorphism φ of the section ring R "
Next we take a model pX A , H A , f A q of pX, H, f q over a suitable finitely generated Z-subalgebra A of k as in § 2.2. Localizing A at a single element, we may assume that pR f q µ " R fµ for every µ P Spec A. In particular, we may assume that H µ is an effective Cartier divisor such that H µ ď R fµ and f˚H µ " qH µ . It means that f µ induces an endomorphism φ µ of the section ring
H 0 pX µ , mH µ q and there exists a non-zero effective Cartier divisor D on R µ such that D ď R φ . Since X is of dense F -pure type, there exists a dense subset of closed points W Ă Spec A such that X µ is F -pure and degpφ µ q is coprime to p for all µ P W . Then R µ satisfies the assumption of Lemma 4.4, thus R µ is F -pure for all µ P W . By [SS10, Proposition 5.3], X µ is globally F -split for all µ P W .
4.2.
Mori fiber spaces over positive dimensional varieties. In this subsection, we consider Mori fiber spaces over a positive dimensional varieties and we prove Theorem 1.6 that plays an essential role to prove the main theorem. In this subsection, every varieties defined over an algebraically closed field k of characteristic zero. First, we recall basic facts on main components of fiber products.
Lemma 4.6. Consider the following commutative diagram:
where X, Z, A, r X are normal projective varieties, µ X , µ Z are finite surjective morphisms, r π is a surjective morphism, and π is an algebraic fiber space. Let U Ă Z be a dense open subset such that µ´1 Z pUq Ñ U isétale. Then the open subscheme p´1pπ´1pUqq Ă XˆZ A is an irreducible normal variety. The closure M of this subset in XˆZ A is the unique irreducible component of XˆZ A that dominates X. We call this M the main component of XˆZ A and equip it with the reduced structure.
Moreover, α is the normalization of M if and only if the canonical homomorphism kpXqb kpZq kpAq Ñ kp r
Xq is an isomorphism. If X, Z, A are equipped with surjective endomorphisms equivariantly, then they induce a surjective endomorphism on r X.
Remark 4.7. In the setting of Lemma 4.6, the normalization of the main component is equal to the normalization of X in kpXqb kpZq kpAq. Note that since kpXq Ą kpZq is algebraically closed and kpAq Ą kpZq is a finite separable extension, kpXqb kpZq kpAq is a field.
Proof of Lemma 4.6. Since µ´1 Z pUq Ñ U is flat, p´1pπ´1pUqq Ñ π´1pUq is an open map and p´1pπ´1pUqq Ñ µ´1 Z pUq is an algebraic fiber space. This implies p´1pπ´1pUqq is irreducible. Since p´1pπ´1pUqq Ñ π´1pUq isétale and X is normal, p´1pπ´1pUqq is a normal variety. This also proves that the uniqueness of the irreducible component that dominates X.
Since kpXqb kpZq kpAq is a field, the function field of M is kpXqb kpZq kpAq. Therefore, α is the normalization of M if and only if kpXqb kpZq kpAq Ñ kp r
Xq is an isomorphism. The last statement follows from the universality of the fiber products and the uniqueness of the main component.
First, we prove that if Y has a finite g-equivariant cover by an abelian variety, then µ X as in Theorem 1.6 is quasi-étale.
Lemma 4.8. Let X be a normal projective variety and f : X Ñ X an int-amplified endomorphism and assume that there exists the following commutative diagram:
where (1) Y and r Y are normal projective varieties; (2) π is an algebraic fiber space, µ X and µ Y are finite surjective morphism; (3) r X is the normalization of the main component of XˆY r Y ; (4) g, r g, r f are int-amplified endomorphisms.
Furthermore we assume that the following conditions:
Proof. There exists a nonempty open subset U of Y such that µ´1 Y pUq Ñ U isétale. Then since r π´1pµ´1 Y pUqq " µ´1 X pπ´1pUqq " π´1pUqˆU µ´1 Y pUq by Lemma 4.6, µ´1 X pπ´1pUqq Ñ π´1pUq isétale. In particular, any irreducible component E of SupppR µ X q satisfies r πpEq ‰ r Y . On the other hand, we have
Since every component of µXpR f q is horizontal by the condition pcq and any component of R µ X is vertical, we obtain
It means that Supp R µ X is a totally invariant divisor under r f , therefore by Lemma 4.9, r πpSupp R µ X q is a totally invariant closed subset under r g. Suppose that µ X is not quasi-étale. Let E be an irreducible componet of Supp R µ X , then E is a prime divisor. Replacing r g by some iterate, we may assume that r πpEq is totally invariant. By the condition pbq, codimpr πpEqq is less than or equal to 1. Since E is a vertical divisor, r πpEq must be a prime divisor on r Y . Since r g is an int-amplified, the coefficients of r g˚pr πpEqq is grater than 2 by [Men17, Lemma 3.11]. It means that R r g ě r πpEq, but it is contradiction to the condition paq. Hence µ X is quasi-étale. Lemma 4.9. Consider the following commutative diagram:
where X, Z are normal projective varieties, π is an algebraic fiber space, and f, h are surjective endomorphisms. Let W Ă X be a closed subset. If f´1pW q " W as sets, then h´1pπpW" πpW q.
Proof. Since hpπpW" πpf pWĂ πpW q, we have πpW q Ă h´1pπpW qq. Take a closed point z P h´1pπpW qq. Since X is a normal variety and f is a finite morphism, f is an open map by going down. Therefore, the induced map π´1ph´1phpzÑ π´1phpzqq is also an open map. Thus f pπ´1pzqq is an open and closed subset of π´1phpzqq and therefore f pπ´1pzqq " π´1phpzqq. Since π´1phpzqq X W ‰ H, we get H ‰ π´1pzq X f´1pW q " π´1pzq X W , which means z P πpW q.
Lemma 4.10. Let π : X Ñ Y be a Mori fiber space of normal Qfactorial klt projective varieties. Then for any prime divisor E on Y , π´1pEq is an irreducible codimension one closed subset of X. In particular, any prime divisor F on X satisfies codimpπpFď 1.
Proof. Suppose that π´1pEq has two components. Then we can take irreducible components F and F 1 such that codimpF q " 1, πpF q " E and F X F 1 ‰ H. We take a closed point y P πpF 1 zF q, then there exist closed points x P F and x 1 P F 1 zF such that πpxq " πpx 1 q " y. Since π has connected fibers, we can take a connected curve containing x and x 1 , so we can take an integral curve C such that C X F ‰ H and C is not contained in F . In particular, the intersection number of C and F is positive. However, taking a closed point y 1 P Y zE and an integral curve C 1 Ă π´1py 1 q as sets, we have pC 1¨F q " 0. It contradicts to the fact that the relative Picard rank is equal to one.
Next, we assume that there exists a prime divisor F on X such that codimpπpFě 2. Then we can take a prime divisor E on Y containing πpF q. Hence we have F Ă π´1pEq as sets, but by the first assertion, F " π´1pEq as sets. In particular, πpF q " E and it is contradiction.
Definition 4.11. Let X be a normal variety and ∆ an effective Q-Weil divisor on X. We say that ∆ has tandard coefficients if for any prime divisor E on X, there exists a positive integer m such that ord E p∆q " m´1 m . Lemma 4.12. Let X be a normal projective variety and ∆ an effective Q-Weil divisor on X such that K X`∆ is Q-linearly equivalent to 0. Then there exists a finite surjective morphism µ : r X Ñ X from normal projective variety such that the following conditions hold:
‚ µ˚pK X`∆ q is a principal divisor, that is, µ˚pK X`∆ q " 0; ‚ if µ 1 : X 1 Ñ X is a finite surjective morphism from a normal projective variety such that µ 1˚p K X`∆ q is a principal divisor, then µ 1 factors through µ. Furthermore if ∆ has standard coefficients, then R µ " µ˚p∆q. In particular K r X is a principal divisor. Proof. Let m 0 " mintm | mpK X`∆ q " 0u and take a non-zero rational section α P KpXq " K such that divpαq " m 0 pK X`∆ q. Let L " KrT s{pT m 0´α q. Note that L is a field. Let µ : r X Ñ X be the normalization of X in L. Then we have
so µ˚pK X`∆ q is a principal divisor. Moreover, let µ 1 : X 1 Ñ X be a finite surjective morphism from a normal projective variety such that µ 1˚p K X`∆ q is a principal divisor. Then there exists a non-zero rational function β P KpX 1 q " L 1 such that divpβq " µ 1˚p K X`∆ q. In particular, we have m 0 divpβq " divpαq. Since the base field is algebraically closed, we may assume that β m 0 " α. It means that there exists an injective K-algebra homomorphism from L to L 1 , so µ 1 factors through µ.
Next we assume that ∆ has standard coefficients. Let E be a prime divisor on X, m a positive integer, a an integer such that ord E pK X∆ q " m´1 m`a . Let pR, p̟qq be the DVR associated to E and S the normalization of R in L. Then it is enough to show that the order of ̟ at every maximal ideal of S is equal to m. Since the order of α along E is equal to m 0 p m´1 m`a q, there exists an unit u in R such that
Since every coefficient of divpαq is integer, there exists a positive integer b such that mb " m 0 . Let ρ " m´1`ma. Then α " u̟ bρ .
Now, we have
In particular, R ãÑ S factors through R 1 " RrY s{pY bú q. Since K 1 " KrY s{pY b´u q is a field and R 1 Ñ K 1 is injective, R 1 is an integral domain and satisfies R Ă R 1 Ă S. Since R 1 isétale over R, ̟ is an uniformizer of R 1 i " R 1 p i for every maximal ideal p i of R 1 . We
the quotient field of R 2 i is L. Furthermore, since pZq is the unique maximal ideal of R 2 i , we obtain R 2 i " S i and ord S i p̟q " m. Therefore we obtain the last assertion.
Lemma 4.13. Let π : X Ñ Y be an algebraic fiber space of normal Q-Gorenstein projective varieties. Assume that´K X is π-ample and X is klt. Then Y is also klt.
Proof. There exists an ample Cartier divisor H on Y such that´K Xπ˚H is an ample Q-Cartier divisor. Then for a general element B P |´K X`π˚H | Q , pX, Bq is a klt pair and K X`B " Q π˚H. By Ambro's canonical bundle formula ([Amb05, Theorem 4.1]), we find an effective Q-Weil divisor B Y such that pY, B Y q is a klt Q-Gorenstein pair. In particular, Y is klt.
Theorem 4.14 (Theorem 1.6). Consider the following commutative diagram
where X is a klt Q-factorial normal projective varieties, π is a Mori fiber space and f is an int-amplified endomorphism. Assume that for every irreducible component E of Supp R f , we have πpEq " Y . Then we have the equivariant commutative diagram
where A is an abelian variety, µ Y is a finite surjective morphism, r X is a Q-Gorenstein klt normal projective variety, µ X is a finite surjective quasi-étale morphism, and r π is an algebraic fiber space. Moreover, r X is the normalization of the main component of XˆY A.
Proof. By Lemma 4.10, we can define a positive integer m E for every prime divisor E on Y so that π˚pEq " m E F for some prime divisor F on X. We set
as a Q-Weil divisor, where this sum runs over the all prime divisors on Y . Note that this is a finite sum because a general fiber of π is reduced.
Thus ∆ is a well-difined Q-Weil divisor with standard coefficients. First we prove that K Y`∆ " Q 0 and K Y`∆ " g˚pK Y`∆ q. Let E be a prime divisor on Y and we set g˚E " a 1 E 1`¨¨¨`ar E r , where a 1 , . . . , a r are positive integers and E 1 , . . . E r are prime divisors on Y . Then for some prime divisor F i on X, we have π˚pE i q " m E i F i for any i. Since π˚g˚E " f˚π˚E, we have a 1 m E 1 F 1`¨¨¨`ar m Er F r " m E pF 1`¨¨¨Fr q and a i m E i " m E for any i. We remark that f˚F " F 1`¨¨¨Fr because any component of R f is horizontal. Using this equality, we have
Hence we obtain g˚pK Y`∆ q " K Y`∆ . Since g is an int-amplified endomorphism, K Y`∆ is numerically equivalent to 0. Furthermore by the same argument as in the proof of [BH14, Lemma 2.11], g induces the endomorphism of the log canonical model of pY, ∆q. By the same argument as in the proof of [BH14, Theorem 1.4], pY, ∆q is a log canonical pair. It means that pY, ∆q is a log Calabi-Yau pair, and by [Gon13, Theorem 1.2], K Y`∆ is Q-linearly equivalent to 0. Applying Lemma 4.12 to the pair pY, ∆q, we obtain the finite covering
It means that there exists g 1 : Y 1 Ñ Y 1 such that the following diagram commute:
Let X 1 be the normalization of the main component of XˆY Y 1 . By Lemma 4.6, X 1 has an int-amplified endomorphism and we get the following equivariant commutative diagram:
By Lemma 4.10, every irreducible component E on X satisfies codimpπpEqq ď 1.
Since ∆ has standard coefficients, K Y 1 is linearly equivalent to 0, in particular, g 1 is quasi-étale. Hence by Lemma 4.8, µ X 1 is quasi-étale. It implies that X 1 is Q-Gorenstein klt and´K X 1 is π 1 -relative ample.
Therefore by Lemma 4.13, Y 1 is also klt. By [Men17, Theorem 5.2], there exists a following commutative diagram:
where A is an abelian variety, µ Y 2 is a finite surjective morphism and g A is an int-amplified endomorphism. Let r X be the normalization of the main component of XˆY A. Then r X has an int-amplified endormophism by Lemma 4.6, and the following diagram commutes:
Surface case
In this section, we prove Theorem 1.4 (Theorem 5.3). This section is an only section we assume that X is a surface.
First, we consider ruled surfaces over an elliptic curve admitting an int-amplified endomorphism.
Lemma 5.1. Let X be a minimal ruled surface over an elliptic curve defined over an algebraically closed field of characteristic zero and X admits an int-amplified endomorphism. Then X is of dense globally F -split type.
Proof. By [Ame03, Theorem 1.2] and Proposition 2.9, we may assume that the vector bundle defining X is decomposable. Then X is of dense globally F -split type since every elliptic curve is of dense globally Fsplit type (cf. [Eji19] , [GS16] ).
Next, we consider Mori fiber spaces over a projective line not satisfying the assumption of Theorem 1.6.
Lemma 5.2. Consider the following commutative diagram:
where X is a normal surface, π is a Mori fiber space, f and g are int-amplified endomorphisms. Assume that there exists a point P P P 1 suct that π´1pP q Ă SupppR f q as sets. Then X is of Fano type.
Proof. If´K X is not big, then the numerical class of K X is an eigenvalue of f˚because the Picard rank of X is two. In particular SupppR f q does not contain any fiber of π as sets, so it is contradiction (cf. [MS19, Proposition 4.1]). Thus´K X is big and X is a Mori dream space and klt by [MS19, Theorem 1.2]. By [BY17] , replacing f by some iterate, we may run the equivariant p´K X q-MMP:
where µ is the p´K X q-negative extremal ray contraction and Y be a normal Q-factorial surface with the Picard rank is equal to one. Note that µ contracts a horizontal curve C on X because every vertical curve is K X -negative. By the assumption, SupppR h q contains the point µpCq. By [BH14, Theorem 1.2], Y is klt. It implies that X is of Fano type by the argument of [GOST15, Theorem 1.5]. Indeed, since K X is relative ample, K X`a C " µ˚K Y for some positive rational number a by the negativity lemma. Since C is relative anti-ample, for large enough n, K X`p a´1 n qC is anti-ample and a´1 n ą 0. Because Y is klt, pX, pa´1 n Cqq is a klt pair. Thus, this is a log Fano pair, in particular, X is of Fano type.
Theorem 5.3 (Theorem 1.4). Let X be a normal projective surface defined over an algebraically closed field of characteristic zero and X admits an int-amplified endomorphism. Then X is of dense globally F -split type. In particular, X is of Calabi-Yau type.
Proof. Let f be an int-emplified endomorphism of X. By [Yos18, Theorem 1.4] or [BH14, Theorem 1.4], X is Q-Gorenstein and log canonical. By [Men17, Theorem 1.5],´K X is pseudo-effective. If K X is pseudoeffective, X is Q-abelian surface by [CMZ17, Lemma 9.3]. On the other hand, abelian surfaces are of dense globally F -split type by [Ogu81] . By Proposition 2.9, Q-abelian surfaces are of dense globally F -split type.
Thus we may assume that K X is not pseudo-effective. Replacing f by some iterate, we may run an f -equivariant MMP:
where X i Ñ X i`1 is a birational contraction for all 1 ď i ď r´1 and X r Ñ Y is a Mori fiber space. By Theorem 1.5, it is enough to show that X r is of dense globally F -split type. In particular, we may assume that X " X r .
We obtain the following diagram:
where π is a Mori fiber space, Y is an elliptic curve, a projective line or a point, f and g are int-amplified endomorphisms. If Y is an elliptic curve, then X is a minimal ruled surface over Y by [MS19, Proposition 4.1]. By Lemma 5.1, X is of dense globally F -split type. If Y is a point, then´K X is an ample Q-Cartier divisor and the Picard rank of X is equal to one. By the proof of [BY17, Theorem 5.1], X is a projective cone over an elliptic curve or X has at worst rational singularities. In the first case, X is of dense globally F -split type, and in the second case, Proposition 4.5 implies that X is of dense globally F -split type because log canonical surfaces are of dense F -pure type by [MS91] and [Har98] .
Hence we may assume that Y is a projective line. If R f contains a fiber of π, then X is of globally F -regular type by Lemma 5.2. If R f does not contain any fiber of π, above diagram satisfies the assumption of Theorem 1.6 because X is klt Q-factorial by [MS19, Lemma 3.7]. It implies that there exists a following commutative diagram:
where A is an elliptic curve, µ Y is a finite surjective morphism, r X is a Q-Gorenstein klt normal projective variety, µ X is a finite surjective quasi-étale morphism, and r π is an algebraic fiber space. Moreover, r X is the normalization of the main component of XˆY A. By the same argument as above, r X is a minimal ruled surface over A. Hence, r X is of dense globally F -split type. By Proposition 2.9, X is also of dense globally F -split type. Hence in every case, X is of dense globally F -split type. Furthermore, by Theorem 2.6, X is of Calabi-Yau type. Theorem 1.7 follows from the proof of Theorem 1.4 and Theorem 1.6.
Theorem 5.4 (Theorem 1.7). Let X be a klt normal projective surface defined over an algebraically closed field of characteristic zero and admits an int-amplified endomorphism. Then X is of Fano type if and only if theétale fundamental group of the smooth locus X sm of X is finite.
Proof. If X is of Fano type, then theétale fundamental group of the smooth locus is finite by [GKP16] . On the other hand, we assume that theétale fundamental group of the smooth locus is finite. By Theorem 2.6, it is enough to show that X is of globally F -regular type. Since X is not Q-abelian, K X is not pseudo-effective. Replacing f by some iterate, we may run an f -equivariant MMP:
where X i Ñ X i`1 is a birational contraction for all 1 ď i ď r´1 and X r Ñ Y is a Mori fiber space. Since theétale fundamental group of every minimal ruled surface over an elliptic curve is infinite, Y is not an elliptic curve. If Y is a point, then X is of globally F -regular type by Corollary 4.2. Hence we may assume that Y is a projective line. If X r is of globally F -regular type, then X is of globally F -regular type by Lemma 1.5. By Lemma 5.2, we may assume that R fr does not contain any fiber of the projective line.
First, we prove r " 1 in this case. If r is grater than one, then the exceptional curve of X r´1 Ñ X r is totally invariant under f r´1 . It means that the image of this exceptional curve is also totally invariant under f r by Lemma 4.9. In particular, X r has a totally invariant point. By using Lemma 4.9 again, Y has a totally invariant point. Thus, the fiber of this point is also totally invariant under f r , in particular, R fr contains this fiber as sets. this is contradiction to the assumption.
By Theorem 1.4, there exists a following commutative diagram:
where A is an elliptic curve, µ Y is a finite surjective morphism and µ X is a finite surjective quasi-étale morphism. Since µ X is quasi-étale, µ X iś etale over the smooth locus of X. In particular, theétale fundamental group of r X must be finite. Since r X is a minimal ruled surface over an elliptic curve, it is contradiction.
